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To evaluate the effect of viscoelasticity on bubble formation, four rheological parame- 
ters of viscoelastic liquids were defined and measured by a rheometer. The effects of 
operating conditions and concentration of polyacrylamide aqueous solutions (PAA) as 
viscoelastic liquids on bubble volume and the growth curve were experimentally mea- 
sured. A high-speed video camera showed that the shapes of a bubble growing in vis- 
coelastic liquids are not spherical. In this study, a nonspherical bubble formation model 
was proposed to theoretically estimate the volume, shape and growth curve of bubbles 
formed from an orifice submerged in viscoelastic liquids which are assumed to follow 
Maxwell’s viscoelastic model. This experimental results in relatively low concentrations 
of PAA, as well as previous researchers’results, agreed relatively well with the calculated 
ones by this model. 

Introduction 
In the biochemical, food and polymer industries, some cul- 

ture and polymer suspended media show non-Newtonian dy- 
namic behavior such as pseudoplasticity and viscoelasticity. 
Because of the complex hydrodynamics of these fluids, it is 
difficult to estimate the mass transfer and mixing in these 
media. Especially in stirred tank bioreactors, the difference 
in shear stress between an impeller and wall in non-Newto- 
nian liquids is larger than that in Newtonian liquids. Bubble 
columns show good mixing and more homogeneous shear 
stress profiles than stirred tanks so that these have been used 
for non-Newtonian media in polymerization reactors, biore- 
actors and/or fermentors. To design the bubble column type 
bio- and polymerization reactors for non-Newtonian fluids, it 
is essential to estimate the mass-transfer rate in the liquids. 
The mass-transfer rate depends on the gas-liquid contacting 
area so that the estimation of bubble size at a gas distributor 
is necessary in cases of relatively low gas-flow rate and/or 
low liquid height. 

To design suitable gas distributors in bubble columns, 
Tsuge and Terasaka (1989) correlated the volume of bubbles 
formed from an orifice submerged in pseudoplastic non-New- 
tonian liquids and developed a dimensionless empirical equa- 
tion whose accuracy is within +30%. To estimate the vol- 
ume, shape and growth curve of a bubble and to clarify the 
bubble formation mechanism in pseudoplastic non-Newto- 
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nian liquids, Terasaka and Tsuge (1991) proposed a non- 
spherical bubble formation model for pseudoplastic fluids. 
Although the bubble volume, shape and growth curve in 
pseudoplastic liquids were well predicted by this model, the 
solutions during some fermentations and polymerizations 
show not only pseudoplastic rheological behavior but also vis- 
coelasticity. There are few studies on bubble formation 
mechanisms and the volume of bubbles formed in viscoelastic 
liquids. Acharya et al. (1978) presented some experimental 
results in viscoelastic liquids as well as in pseudoplastic liq- 
uids, and a simple dimensional equation with a correlation 
factor so that bubble volume was estimated relatively well at 
high gas-flow rates. Rabiger and Vogelpohl (1986) obtained 
experimental results on the diameter of bubbles formed at an 
orifice submerged in polyacrylamide aqueous solutions (PAA) 
as viscoelastic liquids. Ghosh and Ulbrecht (1989) described 
the hydrodynamic characteristics of PAA aqueous solutions 
using the two-parameter version of Oldroyd’s eight-constant 
model and proposed a nonspherical bubble formation model. 
The volumes of bubbles experimentally obtained at the de- 
tachment from an orifice under constant-flow conditions, 
where gas flows through the orifice at a constant flow rate, 
were compared with the calculated results. 

In this study, the viscoelastic characteristics of the PAA 
aqueous solutions, which are typical polymer fluids, are ap- 
proximated by the Maxwell model. Therefore, it is conve- 
nient and useful to estimate the effect of viscoelasticity on 
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the bubble formation by this model. The volume, shape, and 
growth curve of a bubble formed at an orifice submerged in 
viscoelastic liquids were experimentally measured under the 
intermediate condition. 

The bubble formation from an orifice is classified into three 
conditions. The first one is the constant-flow condition; the 
second one is the constant pressure condition, in which the 
pressure in the gas chamber established below the orifice is 
constant during bubble formation. Then, the third is the in- 
termediate condition in which a bubble grows accompanied. by 
pressure fluctuation in the gas chamber (Tsuge, 1986). 

To evaluate the viscoelasticity of the liquids used, four dy- 
namic viscoelasticity .parameters were defined. By introduc- 
ing these rheological parameters, the nonspherical bubble 
formation model was modified so that the bubble volume and 
growth curves computed by this model are compared with the 
experimental results as well as those by previous researchers. 

Theoretical Studies 
Estimations of elasticity and viscosity by rheometer 

By using the coaxial double cylinder rheometer (MR-3 
Soliquid Meter: Rheology Co.) which has a coaxial inner bob 
and outer cup, the dynamic elasticity G' (Pa) of liquid filled 
in the cup was measured as the ratio of differential shear 
stress acting on the bob i (Pals) to angular velocity of the 
oscillating cup w (rad/s). 

i = G h  (1) 

The radial velocity profile of parallel liquid flow between cup 
and bob is expressed as u = w y ,  where y is the radial dis- 
tance from the axis (m), so that the relation between the shear 
rate y (s-l) and angular velocity w (rad/s) is 

du 
y = - = w  

dY 

Therefore, Eq. 1 is rewritten as follows 

In the PAA aqueous solutions as shown in Figure 1, the rela- 
tion between log G' and log y is linear as well as that be- 
tween log p and log y so that elasticity G' is described by 
the power-law model as well as viscosity p (Pa s) 

where p ,  q, m, and n are the elasticity coefficient (Paas'% 
elasticity index, viscous coefficient (Pa - s") and viscous index, 
respectively. 

Thus, the relaxation time A (s) is described as follows 

102 

101 

100 
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10-1 100 101 102 

Shear rate i. [s-l] 

Figure 1. Rheological characteristics of PAA aqueous 
solutions. 

Relation between shear stress and shear rate 
The viscoelastic behavior of the PAA aqueous solutions 

were investigated using the creep and recovery tests, which 
measure the strain-response of solutions for a step-input of a 
constant value of shear stress, that is, 1.0 Pa for 8.6 s, by a 
rheometer (RheoStress RS500: HAAKE). To approximate the 
rheological characteristics of polymer solutions, there are two 
very simple viscoelastic models, that is, the Maxwell and Voigt 
models. Figure 2a shows the typical strain-response of 
Maxwell model fluids by the dotted line and Voigt model flu- 
ids by the chain line with an arbitrary vertical axis for a step 
input of constant shear stress by the solid line (Schramm, 
1994). Since a strain of PAA solution increases instanta- 
neously at t = 0 and a part of the strain is recovered at t = 8.6 
for the step input of the shear stress during 8.6 s in Figures 
2b-2d, those solutions behave as Maxwell fluids rather than 
Voigt ones. 

Figures 2b-d show the strain responses of PAA aqueous 
solutions used in this study for the step input given in Figure 
2a. As shown in Figures 2b-d, the viscoelastic characteristics 
of PAA aqueous solutions were approximately expressed by 
the Maxwell model; the response of 2.0 wt. % PAA aqueous 
solutions was in especially good agreement. Therefore, the 
rheological behavior of PAA solutions is assumed to be de- 
scribed as follows 

where T is the shear stress. 
By solving Eq. 7 for T 
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Figure 2. Creep and recovery tests of PAA solutions. 

where the relaxation time A = p/G‘ and the constant C = 0 
because of 7 = 0 and y = 0 at t = 0. 

Thus 

(9) 

In the case of A >> t ,  the shear stress is described by the 
equation of elasticity as follows 

r = /G’ydt = G y  (10) 

In the case of A c t ,  the shear stress is described by the 
equation of viscosity as follows 

r - 
e ’ G y  

1 -  
7=-- 

f -PY 

- e h  
A 

(11) 

Nonspherical bubble fonnaton Model 
To theoretically describe bubble formation at an orifice 

submerged in highly viscous Newtonian and pseudoplastic 
non-Newtonian liquids, Terasaka and Tsuge (1990, 1991) de- 
veloped a nonspherical bubble formation model. In this study, 
that model is modified for application to bubble formation in 
viscoelastic liquids. 
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Figure 3. Nonspherical bubble formation model. 

Concept of Nonspherical Model. In this model, the bubble 
surface is divided into a number of elements as shown in Fig- 
ure 3. Gas flows into a gas chamber at the constant flow rate 
Q, (mys) so that pressure in the gas chamber PC (Pa) in- 
creases. When the Pc becomes larger than the sum of the 
hydrodynamic pressure and surface tension, gas in the gas 
chamber begins to flow into the orifice and a bubble begins 
to expand. 

Two motion equations in the radial and vertical directions 
are simultaneously solved so that the radial and vertical ve- 
locities for each element on the bubble surface are calculated 
and positions of those elements are estimated. This estima- 
tion is finished when the bubble detaches from an orifice, 
that is, the bubble neck is closed (Terasaka and Tsuge, 1990). 

It is assumed that strain in a liquid does not exist at all 
before bubble growth, that is, t < 0. Namely, the bubble mo- 
tion is not affected by the presence of other bubbles during 
bubble formation. Also, the bubble grows symmetrically about 
the vertical axis on the center of an orifice. 

The equations describing these phenomena are formulated 
in the following manner. 

Pressure Change in the Gas Chamber. As the behavior of 
gas in the gas chamber is assumed to be polytropic, the pres- 
sure change in the gas chamber is expressed as 

where Q, and K are the gas-flow rate through an orifice and 
polytropic coefficient, respectively. The value of K (poly- 
tropic coefficient) is 1.1, which was experimentally obtained 
by Terasaka and Tsuge (1990). 
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Orifice Equation. The pressures in a bubble PB (Pa) and 
in a gas chamber Pc (Pa) are assumed to be related by the 
orifice equation as follows 

The orifice constant k ,  (mw/kg'fl) was experimentally de- 
termined by Terasaka and Tsuge (1990) as follows 

ko = 0.8130; (14) 

where the units of ko and Do are mw/kgw and m, respec- 
tively. 

The bubble surface is di- 
vided into a number of two-dimensional axisymmetric ele- 
ments which are characterized by two principal radii of cur- 
vature R and R' (m), as shown in Figure 3. R' is the radius of 
the circle which passes through the elements j - 1, j and j + 1, 
and has a center point 0. Another radius R is the distance 
from the bubble's symmetrical axis to the element j through 
point 0 and is defined as a characteristic radius at element j 
to calculate the inertial force of the bubble and shear stress 
of the bubble's surface. 

On the other hand, R is defined by Eq. 15 to estimate the 
surface tension at element j 

Definition of Equivalent Radii. 

(15) 

Shear Rate at Bubble Suqace. Scriven (1959) derived a 
motion equation of bubble expansion using the Navier-Pois- 
son equation, where the radial shear rate from the bubble 
surface to infinity was analytically obtained as follows 

4 dR y=--  
R dt (16) 

Pressure Balance on the Gas-Liquid Znteqace. On element 
j, it is postulated that the bubble shape is a sphere which has 
radius R. The expansion of the gas-liquid interface is defined 
by the following modified Rayleigh equation 

where PH is the hydrostatic pressure at element j (Pa) and 
the three terms on the righthand side of Eq. 17 represent 
inertia, surface tension (N/m) and viscoelastic stress, respec- 
tively. The viscoelastic stress on the bubble surface T is ex- 
pressed by Eqs. 16 and 9 

2906 November 1997 

Motion Equation of a Rising Bubble. In the present model, 
the motion equation of a rising bubble is described by inertia, 
buoyance forces, surface tension at an orifice, gas momentum 
rate through an orifice, and viscoelastic forces 

where M' and D,  (m) are the virtual mass [ = ( pG + 
11 pL/16)VBg)] and maximum horizontal bubble diameter. 
Vertical viscoelastic shear stress T~ is defined as follows 

T~ = e -  [ ,e'Gyzdt] 

where yz (s-') is the vertical shear rate 
described as follows 

8 dz 
D, dt 

y2=-- 

(20) 

of a rising bubble 

(21) 

Procedure to Solve the Model. The simultaneous differen- 
tial equations described above are solved by the following 
procedures. 

(1) Determining the initial gas chamber pressure by the 
orifice diameter and surface tension, that is Pc = Ps + 4u/D0. 

(2) Estimating the gas chamber pressure by the mass bal- 
ance equation in the gas chamber. 

(3) Estimating the pressure in the bubble by solving the 
orifice equation. 

(4) Calculating the equivalent radii R and R (m) at any 
element on the bubble surface. 

(5) Evaluating the radial acceleration and velocity of the 
bubble surface by solving the pressure balance between the 
inside and outside of the bubble surface. 

(6) Evaluating the vertical acceleration and velocity of the 
bubble by solving the motion equation of the rising bubble. 

(7) This calculation finishes when the neck of the bubble is 
closed, that is, any element on the bubble surface except for 
the element on the top of bubble j = 1 contacts the symmetri- 
cal axis at the final condition. 

Experimental Studies 
Figure 4 shows the experimental apparatus. The bubble 

column has a 0.15 m square cross section and is 0.40 m high. 
N, gas flows uniformly into the gas chamber after measure- 
ment of the gas-flow rate. By assuming the bubble size is uni- 
form, a single bubble volume was calculated by dividing the 
gas-flow rate by the frequency of bubble formation measured 
by the IR sensor (CU217: Keyence Co., Ltd.). The bubble 
shapes during bubble growth were recorded by a high speed 
video camera (EktaPro 1000: Kodak), and the bubble vol- 
umes were analyzed as a function of time with a video mea- 
suring gauge (IV-560 FOR-A Co., Ltd.) and personal com- 
puter (PC-9801VX NEC). 
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Figure 4. Experimental apparatus. 

The operating conditions were as follows: gas-flow rate Q, 
= 0.2 X -25 X mys, orifice diameter Do = 0.99 X 
1OW3-2.04 x lo- ’  m, gas chamber volume V, = 85.1 x 
10-6-415 x m3, and liquid height HL = 0.134-0.150 m. 

The liquids used were 2.0, 3.0 and 4.0 wt. % polyacryl- 
amide (PAA) aqueous solutions (Aldrich Co., Ltd.) whose 
physical properties and rheological characteristics are de- 
scribed in Table 1. Their rheological parameters, surface ten- 
sion, and density are experimentally measured by a co-axis 
double cylinders type rheometer (MR-3 Soliquid Meter: Rhe- 
ology Co.), a CBVP-type surface tension meter (CBVP A-1: 
Kyowa Scientific Equipment Co.), and a hydrometer (Nippon 
Keiryoki Kogyo Co.), respectively. 

Results and Discussion 
Bubble growth curve 

Figure 5 shows a comparison of the bubble growth curves 
between the experimental and calculated data by this model, 
which are presented by plots and lines, respectively. In the 
case of Q,  = 0.542 x mys under the condition in Fig- 
ure 5, it was observed during bubble growth that the bubble 
volume temporarily decreases. It shows that gas-flow direc- 
tion through an orifice change due to the pressure balance 
between the bubble and gas chamber. Especially, in the case 
of a small gas chamber volume, the pressure in the gas cham- 
ber sensitively changes during bubble growth. The time course 
of the bubble volume is well described by this model. 

Reluxation time during bubble growth 
Figure 6 shows the time course of the mean relaxation time 

A during bubble growth under the same conditions as in Fig- 
ure 5. The mean relaxation time 3 which is averaged for all 
relaxation times of the elements on the bubble surface, was 
estimated by this model. In the cases of relatively high gas- 

- 

Table 1. Physical and Rheological Properties of PAA 
Aqueous Solutions 

Concentration (wt. %) 2.0 
Viscosity coeff. m (Pa-s“) 1.39 
Viscosity index n 0.653 
Elasticity coeff. p (Pa-sq) 0.290 
Elasticity index q 1.25 
Liquid density pr (kg/m3) 1,005 
Surface. tension (T (N/m) 
Molecular weight 

55.1 X lo-’ 

3.0 4.0 
12.0 37.0 
0.440 0.365 
4.56 24.1 
0.912 0.842 
1,007 1,010 
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Figure 5. Bubble growth curves. 

flow rates (Q,  = 5.36 - 10.7 X m3/s), the relaxation time 
A is smaller than the growth time t (s) except for the initial 
period of bubble growth so that the elasticity significantly af- 
fects the bubble growth for only the initial period of bubble 
formation. On the other hand, in the case of a low gas-flow 
rate (QG = 0.542X mys), the elasticity influences the 
bubble growth at t = 0.06 s as well as the initial period be- 
cause of the temporary decreasing bubble volume at that 
point. 

- 

Bubble shape 
Figure 7 shows the change in bubble shape during bubble 

growth at an orifice. The experimental bubble shapes were 
compared with the calculated ones using this model. For rel- 
atively low gas-flow rates, the experimental shapes were well 
estimated. At high gas-flow rates, however, a bubble was ver- 
tically stretched because of the large wake of the previous 
rising bubbles. 
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Figure 6. Mean relaxation time during bubble growth. 
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results. 
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Bubble volume 
Figure 8 shows the effect 

of the gas chamber volume V, (m3) on the relation between 
the bubble volume V, (m3) and the gas-flow rate Q G  (mys). 
In the range of low gas-flow rate V, increases with increasing 
V, whereas, the difference in V, is not observed any longer 
at Q G  = 2 x lo-' mys. This phenomenon is explained by the 
bubble formation mechanism. The gas fed into the gas cham- 
ber is accumulated up to Pc 2 Ps +4a/Do. For cases of low 
gas-flow rate and/or large gas chamber volume, a longer 
waiting time, which means the time period without bubble 
growth, is required so that the bubble volume depends on the 
chamber volume. On the other hand, for the case of high 
gas-flow rate, the waiting time is short enough so that the 
effect of the chamber volume on bubble volume is low. The 
calculated results using this model correspond well with ex- 
perimental ones. 

Figure 9 shows the effect of 
orifice diameter Do (m) on the relation between V, and QG. 

Under the conditions in this figure, bubble volume decreases 
with increasing Do in the range of Q, < 2 X lov6 mys and 
increases with increasing Do in the range of Q, > 2 X  

Effect of Gas Chamber Volume. 

Effect of Orifice Diameter. 

10-7 
10-7 1 oa 10-5 1 o4 

Gas flow rate Q, [m3/s] 
Figure 8. Effect of gas chamber volume on relation be- 

tween V, and 00. 

10-7 
107 1 oa 105 1 o4 

Gas flow rate Q, [m3/s] 
Figure 9. Effect of orifice diameter on relation between 

V, and QG. 

mys. The pressure drop through an orifice increases with de- 
creasing orifice diameter. In the case of low gas-flow rate, the 
smaller the orifice diameter, the longer the waiting time. On 
the other hand, for a high gas-flow rate, the smaller the ori- 
fice diameter, the more easily a bubble neck is closed. By 
using this model, that mechanism is well described as shown 
by the lines in Figure 8. 

Figure 
10 shows the effect of the PAA concentration on the relation 
between V, and Q,. The viscoelastic stress becomes larger 
with an increase in the concentration of PAA so that bubble 
growth time, which is defined as the time from the beginning 
of bubble formation to the detachment of the bubble, be- 
comes longer and the volume of the detached bubble in- 
creases. For the cases of 2.0 and 3.0 wt. % PAA aqueous 
solutions, these experimental results are predicted relatively 
well by this model, whereas, the estimated bubble volumes 

Effect of Concentration of PAA Aqueous Solutions. 
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Figure 10. Effect of liquid concentration on relation be- 
tween V, and QG. 
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Figure 11. Correlations: p vs. m and q vs. n. 

are about 30% smaller than the experimental ones in the case 
of the 4.0 wt. % PAA solution. In the highly concentrated 
PAA liquids, their rheological behavior appears not able to 
be described well by the simple Maxwell model, as shown in 
Figure 2. For instance, for the case of 4.0 wt. % PAA solu- 
tions, the time course of strains is not completely propor- 
tional to time while the constant shear stress is acting on the 
liquids. This means that the concentrated PAA aqueous solu- 
tions have a more complicated rheological behavior. 

Comparison with Previous Results 
Rabiger and Vogelpohl (1986) and Ghosh and Ulbrecht 

(1989) obtained experimental results on bubble formation in 
PAA aqueous solutions. Their elasticity parameters such as p 
and q were unknown. To estimate these unknown values, the 
relations between the experimental results of p and m and 
between q and n were correlated in Figure 11. In the PAA 
aqueous solutions of this study, these relations are linear on 
the double-logarithmic plots, so that the unknown p and q 
values are evaluated by correlating the lines in Figure 10 with 
the other physical properties of PAA and their operating 
conditions as shown in Table 2. 

n *E 0.6 
Y * 
0 
l-4 

X 
$ 0.4 

" 
0 0.02 0.04 

Bubble growth time t[s] 
Figure 12. Ghosh's experimental growth and estimated 

model results. 

The gas chambers used by Ghosh and Ulbrecht and Rabi- 
ger and Vogelpohl were small enough so that a constant-flow 
condition is assumed in these cases. Moreover, Rabiger and 
Vogelpohl(1986) operated at much higher gas-flow rates than 
that in this study. 

Figure 12 shows the bubble growth curve evaluated by im- 
age analysis of the high speed simultaneous photographs in 
the article of Ghosh and Ulbrecht (1989) and the calculated 
results using this model. Under the experimental conditions 
of Ghosh and Ulbrecht, bubbles grow under constant-flow 
conditions. The calculated result shown by the solid line cor- 
responds relatively well with the experimental one. 

Figure 13 shows the bubble volumes estimated by this 
model and the model of Ghosh and Ulbrecht, as well as the 
experimental data from Ghosh and Ulbrecht (1989). Not only 
the model of Ghosh and Ulbrecht, but also this model esti- 
mated the bubble volume relatively well. At a high gas-flow 
rate, the calculated results using this model are slightly larger 
than the experimental ones because of the wake of the previ- 
ous bubbles. On the other hand, at a low gas-flow rate where 
the effect of elasticity on bubble volume seems to be larger, 
the bubble volume calculated by this model corresponds well 
with the experimental data rather than that of Ghosh and 
Ulbrecht. 

Table 2. Physical Properties and Operating Conditions of PAA Aqueous Solutions in Previous Studies 

Researcher Ghosh et al. 
Orifice dia. Do (mm) 1.45 

Conc. (wt. %) 0.5 1.0 4.0 

Viscosity coeff. m (Pa * s") 0.08 0.60 0.16 
Viscosity index n 0.770 0.700 0.62 
Elasticity coeff. p (Pa-sq) 0.0616* 0.0912* 0.0156* 
Elasticity index q 1.38* 1.17* 1.19* 
Surface tension (+ (N/rn) 70.66 X 69.79 X 65 X 

Gas flow rate QG (rnys) 2.5X10-6-17X10-6 

Liquid dens. pL (kg/m3) 999.7 1002 1OOO* 

Rabiger et al. 
2.0 

0-83 X 
6.0 8.0 

1OOO* 1000' 
0.19 0.52 
0.61 0.52 

0.0196* 0.0753* 
1.18* 1.06* 

65 X 65 X 

*Predicted values. 
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volumes and model results. 

Although Ghosh and Ulbrecht (1989) have already pro- 
posed a bubble formation model for viscoelastic fluids using 
a two-parameter version of the Oldroyd model, it is more 
convenient to measure the dynamic elasticity and viscosity and 
use Maxwell’s rheological model for many polymer solutions 
rather than Oldroyd’s model. 

Figure 14 shows a comparison between the experimental 
data of Rabiger and Vogelpohl (1986) and the calculated re- 
sults of this model. Rabiger and Vogelpohl measured the 
bubble volume in the range of about 10-100-fold larger gas- 
flow rates than that in this experiment under constant-flow 
conditions, where the growing bubbles detach earlier from an 
orifice due to the wake of the previous rising bubbles because 
each bubble is not intermittently generated, but continuously, 
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Figure 14. Rabiger’s experimental data and calculated 

results of this model. 

so that the distance between bubbles is very close and the 
hydrodynamic effect of a previously rising bubble is not ne- 
glected. Therefore, the calculated values are overestimated 
because of the assumption of no wake. 

Conclusions 
To estimate the shear stress acting on a gas-liquid inter- 

face of a growing bubble in viscoelastic liquids, four rheologi- 
cal parameters, p ,  q, m, and n, are measured using a coaxial 
cylindrical rheometer. The volume, shape, and growth curve 
of bubbles formed from an orifice submerged in 2.0 and 3.0 
wt. % viscoelastic PAA aqueous solutions are well estimated 
by the nonspherical bubble formation model in which a vis- 
coelastic fluid is described by the Maxwell model. 

For the gas-flow rate where bubbles grow without the wake 
effect of the previous bubbles, previous researchers’ experi- 
mental results as well as the present results were predicted 
relatively well by this model. 
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Notation 
g =gravitational acceleration, m/s2 
Ps =hydrostatic pressure at orifice plate, Pa 

Q, =gas-flow rate into bubble, m3/s 
TL =temperature of liquid, K 
u = radial liquid velocity in cup, m/s 
z =vertical distance from orifice plate, m 
y =strain 
8 =angle between the normal to bubble surface and vertical axis, 

rad 
A =mean relaxation time, s 

pc =gas density, kg/m3 
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